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ON SCHRODINGER OPERATORS WITH MULTISINGULAR 
q;^ ; INVERSE-SQUARE ANISOTROPIC POTENTIALS 

o 
o 

(N 

C^ , Abstract. We study positivity, localization of binding and essential self-adjointness properties 

of a class of Sclirodinger operators with many anisotropic inverse square singularities, including 
^\1 ' the case of multiple dipole potentials. 

(N' 

< 



1. Introduction and statement of the main results 



< 

In this paper we analyze some basic spectral properties of Schrodinger operators associated 

with potentials possessing multiple anisotropic singularities of degree —2. The interest in such 

•^ ' a class of operators arises in nonrelativistic molecular physics, where the interaction between an 

electric charge and the dipole moment of a molecule con be described by an inverse square potential 

with an anisotropic coupling strength. More precisely, the Schrodinger operator acting on the wave 

*^ , function of an electron interacting with a polar molecule (supposed to be point-like) can be written 

^ ' as 

m 



h^ . X B 



^; ^=-2;;^^+^i^-^' 



where e and m denote respectively the charge and the mass of the electron and D is the dipole 
moment of the molecule, see [21]. Therefore, in crystalline matter, the presence of many dipoles 
leads to consider multisingular Schrodinger operators of the form 



o: (1) -A-E^ 



i—l ' ' 



where A: e N, (ai, . . . , a^) G W^ , N>3, a, ^ a, for i 7^ j, (Ai, . . . , A^) e M^ (di, . . . , d^) e 
Ai > and |di| = 1 for any i = 1, . . . ,k 



C^ ' Potentials of the form 1^,3 ' are purely angular multiples of radial inverse-square functions; 

as such, they can be regarded as critical due to their lack of inclusion in the Kato class: hence 
they are highly interesting from a mathematical point of view. In addition, they share many, but 
not all, features with the isotropic inverse square radial potentials: in particular, having the same 
order of homogeneity, they satisfy a Hardy- type inequality (see, for instance [32]). 

A rich literature deals with Schrodinger equations and operators with isotropic Hardy-type 
singular potentials, both in the case of one pole, see e.g. [1, 8, 10, 16, 18, 27, 30, 32], and in that 
of multiple singularities, see [4, 5, 7, 9, 11, 14, 15]. In contrast, only a few papers deal with the 
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case of anisotropic potentials; in [12] the authors proved an asymptotic formula for solutions to 
equation associated with dipole-type Schrodinger operators near the singularity. This asymptotic 
analysis will play a crucial role in the discussion of many fundamental properties of Schrodinger 
operators of the form (1), such as positivity, essential self-adjointness, and spectral other properties, 
following the techniques developed in [11] for Schrodinger operators with multipolar inverse-square 
potentials. 

A natural question is about the effect of the configuration of singularities and the orientations 
of dipoles on the positivity of the associated Schrodinger operator. The quadratic form associated 
with the operator (1) is, denoting 



{£,1?,^} = {Ai,.. ., Afc,di,. ..,dfe,ai,. .. ,0^}, 



l.2fTaN-, , D ^._ /„,N ._ f iv7„,^™m2j^ MT^Kix ai)-d 






* „.2 



\x - aA^ 



u (x) dx, 



where I?^'^(M^) is the functional space given by the completion of C^(R^) with respect to the 
Dirichlet norm 

l|M|ix)i>2(R«) := I / \Vu{x)\'^dx] . 
We recall that a quadratic form Q : I?^'^(]R^) ^ M is said to be positive definite if 

mf ,, ,,7^ > 0. 



V (x- 



In the case of a simple dipole operator —A , I'^i ' , the positivity only depends on the value of A 



with respect to the threshold 

(2) Ajv ■— sup 



uev^^Hm-Mo} / \^u{x)\^ dx 



We notice that, by rotation invariancc, An does not depend on the unit vector d and, by classical 
Hardy's inequality, A^ < 4/(iV — 2)^. In particular An is the best constant in the following Hardy 
type inequality 

(3) / "i — rr u^i^) dx < Ajv / |Vm(x)|^ dx for all u e V^''^{R ) and for any unit vector d. 

Some numerical approximations of Ajv can be found in [12, Table 1]. 

It is easy to verify that the quadratic form associated to —A 1^13 is positive definite in 

2?i'2(R^) if and only if |A| < A^^. Furthermore, the positivity condition for a one dipole operator 
can be expressed as a condition on the first eigenvalue of the angular component of the operator 
on the unit sphere §^^^. Indeed, letting 

A ^ ^.^ y_,\WsN-itp{e)\^dv{0)-xy_,{e-d)i^^(6)dv{e) 
^1 " ^eHi(™i)\{o} /g„_i ^b^e) dv{e) 
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be the first eigenvalue of tlie operator — Agw-i — A (6* • d) on S^ ^, it was proved in [12, Lemma 2.5] 
that the quadratic form associated to —A r^TS^ is positive definite if and only if /i^ > — (-^^j^) • 

The analysis of the spectral properties of Schrodinger operators with multiple isotropic inverse 
square singularities performed in [11] highlighted how the positivity of the associated quadratic 
form depends on the location and the strength of singularities. In the case of multiple anisotropic 
singularities, the problem of positivity becomes a more delicate issue, being the interaction between 
two dipoles strongly affected by their mutual orientation. Unlike the isotropic case in which the 
interaction between two poles is cither attractive or repulsive depending on the sign of coefficients, 
in the anisotropic one the constructive or destructive character of the interaction is determined by 
the mutual position and orientation. As a consequence, in contrast with the isotropic case, it is 
possible to orientate the dipoles in such a way that the interaction is quite strong even if they are 
very far away from each other. 

The following proposition yields a sufficient condition on the magnitudes for the quadratic form 
to be positive definite for any localization and orientation of the dipoles. 

Proposition 1.1. A sufficient condition for Qc,'D,A to be positive definite for every choice of 
A — {ai,a2, . . . , afc} and V — {di, . . . , d^;} is that 



J2^^<^N- 



Conversely, i/X]i=i ^i ^ ^n then there exists a configuration of dipoles {A,!^} such that Qc.v.A 
is not positive definite. 

In this paper we deal with a more general class of Schrodinger operators with locally anisotropic 
inverse-square singularities including those with dipole-type potentials introduced in (1). More 
precisely, we are interested in operators with potentials exhibiting many singularities which are 
locally L°°-angular multiples of radial inverse-square potentials. 

For any h E L°°(S^^-'^), let /ii(ft.) be the first eigenvalue of the operator — Agw-i -~h{9) on §^^^, 
i.e. 

. /s»-i |Vs»-i^(g)|^ dVje) - /g._, hi9)i,^i9) dV{6) 

^'^"^ ^eHi(™^)\{o} ^^^_,r{e)dv{e) 

We recall that fii{h) is simple and attained by a smooth positive cigenfunction V'l' such that 
mingjv-i ij^i > 0. Moreover, if, for some A G M, h(9) = A for a.e. 9 e S^^^, then /ii(/i) ~ —A. On 
the other hand, if h is not constant, then 



ess sup h < 



mW<- / h{9)dV{9), 



see [12]. The quadratic form associated to —A ^ ,i is positive definite if and only if 

\x\ 

h{x/\x\) 2/ N 7 
\ '' u\x)dx 

(4) KN{h):^ sup ■^*", 1"^' <1, 

«GP1.2(E«)\{0} / |V^(x)|2dx 
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or, equivalently, if and only if /ii(/i) > —{N — 2)^/4, sec [12, Lemma 2.5]. Furthermore, it is easy 
to verify that 

and 

AAr(/i) = if and only if /i < a.e. on §^"^ 

A necessary condition on the angular coefficients for positivity of the quadratic form associated 
with multiple dipole-type potentials for at least a configuration of singularities is that each single 
dipole-type local subsystem is positive definite, as the following proposition clarifies. 

Proposition 1.2. Let hi, . . . ,hk,ho^ e L°°{S^-^), W G L^{R^)n L°°{R^), and R,n e IR+, 
i = 1, . . . , /c. // there exists a configuration of poles {ai, . . . , a^} such that Oi ^ Oj for i ^ j and 
the quadratic form 



u€V'''iR'') 



k 

I \Vu{x)\'dx^Y. [ 

-j 






u (x) dx 



R"\B(0,i?) fI 



u {x)dx— j W{x)u {x)dx 

R" 



is positive definite, then 

(5) fii{hi) > for any i — 1, . . . ,k,oo. 

By virtue of Proposition 1.2, the following class of anisotropic multiple inverse square potentials 
provides a suitable framework for the analysis of coercivity conditions for Schrodinger dipole-type 
operators: 

._ \X CLi\ \X\ 

V :== < 

r„R e R+,a, G R^, a, ^ a^ for i ^ j, W G L^/2(R^) n L°°(R^), 

h, e L°°{S^-^), fii{hi) > _Ii^_a! for any i = l,...,fc,oo 

^iy^ Eti ^l?=l^- then VeV with h,i0) = K9 ■ d, and hoo{0) = 9 ■ { ^^i ^^d,). 

By Hardy's and Sobolev's inequalities, it follows that, for any V ^ V, the first eigenvalue fJ.{V) 
of the operator —A — V in I?^'^(R^) is finite, namely 



(6) 



/i(F) := inf 

«eX'i.2(R«)\{o} 



(|VM(a;)p -Vix)u'^{x))dx 



> — oo. 



\Vu{x)\'^dx 



We notice that, in view of Sobolev-type embeddings in Lorentz spaces, (6) holds also for any 
potential V lying in the Marcinkiewicz space x^/^'°°. 

If the potentials are supported in sufficiently small neighborhoods of singularities, then condi- 
tion (5) turns out to be also sufficient for positivity. 
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Lemma 1.3. [Shattering of singularities] Let ai,a2, . . . ,ak G M.^ , a^ 7^ Uj for i ^ j, and 
hi,...,hk,hoo e i°°(§^"i) with ^ii{hi) > -{N -2f/'i, fori = l,...,fc,oo. Then there ex- 
ist U\^ .. . ^UkMoo C K.^ such that Ui is a neighborhood of ai for every i — 1, . . . ,k, Uoo is a 
neighborhood of 00, and the quadratic form associated to the operator 

k 



Theorem 

i = l,...,k 


1.4. For hi,.. 
, let 


■ ,hk 


(7) 


V{x)-- 


k 


^B(a, 



is positive definite. 

An analogous result will be proved also for potentials with infinitely many dipole-type singular- 
ities localized in sufficiently small neighborhoods of equidistanced poles, see Lemma 3.8. 

Lemma 1.3 and Proposition 1.2 establish an equivalence between condition (5) and the property 
of being compact perturbations of positive operators, as stated in the following theorem. 

loo e L°°(§^-i), W e if (M^) ni°°(M^), and R,r, e R+, 
h ( ^~°' "l h (^ 

^)i^)l Ti-+^K"\B(0-R)W I '' +W{x). 

Then (5) is satisfied if and only if there exists W eL^I'^{^^)r\ L°^{«.^) such that fi{V - W) > 0. 
By Theorem 1.4, Schrodinger operators with potentials in V are semi-bounded in L^(M^), i.e. 

{\Vu{x)\'^ -Vix)u^{x))dx _ 

MV) ■■= inf ^^^ J > -|lW^|Uoo(R«) > ~oo, 

"^^^(«")\^°> / Hx^dx 

thus the class V provides a quite natural setting to study the spectral properties of multisingu- 
lar dipole Schrodinger operators in L'^{R'^). Actually, condition (5) characterizing V is slightly 

stronger than semi-boundedness; indeed the operator —A — (-^^j^) provides an example of a 
L^(]R^) semi-bounded operator violating the strict inequality in (5). On the other hand, we notice 
that any semi-bounded operator in L'^{]&^) with a potential of the form (7) satisfies a weaker 

condition than (5), namely Hi{hi) > —- — ^^ for any i = 1, . . . , fc, 00. 

The analysis of stability of positivity of Schrodinger operators leads to the problem of localization 
of binding raised by Sigal and Ouchinnokov [23]: if —A — Vi and —A — V2 are positive operators, 
is — A — Vi — V2(- — y) positive for \y\ large? An affirmative answer to the above question can 
be found in [29] for compactly supported potentials and in [24] for potentials in the Kato class. 
When dealing with potentials with an inverse square singularity at infinity, the problem becomes 
more delicate, due to the interaction of singularities which overlap at infinity and a localization of 
binding type result requires the additional assumption of some control of the resulting singularity 
at infinity. Indeed, if, for j = 1,2, 

kj feJ ( ^~°- ) f^j rjL) 
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then a necessary condition for positivity of —A — Vi — V2(- — y) for some y is that 
(8) f^i{hl + hl)> 



^_„x2 



see Proposition 5.2. In [11], the authors proved that assumption (8) is also sufficient for localization 
of binding when singularities are locally isotropic, see Theorem 5.1. It is worthwhile noticing that 
a strong lack of isotropy can cause the failure of localization of binding even under assumption (8); 
in section 5, we will construct two anisotropic potentials in the class V satisfying (8) for which no 
localization of binding result holds true. 

Example 1.5. For N > 4, there exist 14, V2 G V such that /i(Fi), /i(V2) > 0, (8) holds, and for 
every R > there exists yn G K such that \yfi\ > R and the quadratic form associated to the 
operator —A — {Vi + V2{- — yR)) is not positive semidefinite, i.e. n{Vi + V2(- — yRj) < 0. 

On the other hand, it is still possible to prove the following localization of binding type result 
under a stronger control on the singularities at infinity than (8). 

Theorem 1.6. Let 

'^i fei ( ""-"l ] hi (x) 

y--^ "-i V \x-a^\) 00 VTST; 
^1(2^) ^2^^B(a],r}){x) I _ i'|2 + ^R^ \B {0 .,R^){x) pf^ V Wi{x) G V, 

^2(2;) ^^XB{alrf)i3^) ! ^ 212 + ^K"\B(0,-R2) (^) 1 \l +^^2(2:) G V. 

Assume t/iat /i(Vi), /i(V2) > 0, anrf esssupgjv-i(ft.5^)+ + esssupgiv-i(/i^)'^ < (A^ — 2)^/4. Then, 
there exists R > such that p.{Vi +V2{- — y)) > for every y G R^ with \y\ > R. 

A further key property of Schrodingcr operators which turns out to be very sensitive to the 
presence of singular terms is the essential self-adjointness, namely the existence of a unique self- 
adjoint extension. Semi-bounded Schrodinger operators are essentially self-adjoint whenever the 
potential is not too singular (see [26]). On the other hand, inverse square potentials exhibit a quite 
strong singularity which makes the problem of essential self-adjointness nontrivial. We mention 
that essential self-adjointness in the case of Hardy type potentials was discussed in [19] for the 
one-pole case and in [11] for many poles. The following theorem provides a necessary and sufficient 
condition on the magnitudes of dipole moments for the essential self-adjointness of multisingular 
dipole Schrodinger operators. An extension to the case of infinitely many dipole- type singularities 
distributed on reticular structures is contained in Theorem 6.3. 



Theorem 1.7. Let 

k 
V{X) =^XB(a„r.)W '?^"°;2' + XK"\5(0,fl)W 'TV2"" + ^(^) ^ ^■ 



, "-nia-a-i) ,."-00(12:1) 



\x - a,v \x[ 

pN • 



Then the Schrodinger operator —A — V is essentially self-adjoint in C^{M. \ {ai, . . . , a^,}) if and 
only if fj,i{hi) > —{^^^) + 1, for all i = I, . . . ,k. 

The proof of the above theorem is based on the asymptotic analysis performed in [12], where 
the exact behavior near the poles of solutions to Schrodinger equations with dipole-type singular 
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potentials is evaluated. From Theorem 1.7, it follows that, ii V & V with /ii(ft.i) > ^("^^j^) + Ij 
for all « = 1, . . . , A:, then the Friedrichs extension (—A — V)^ defined as 

(9) D{{-A-Vf) ={ueH\R^):Au-VueL^iR'^)}, u^-Au-Vu, 

is the unique self-adjoint extension. On the other hand, if /ii(/ii) < — ( ~^ ) + 1 for some i, then 
—A — V admits many self-adjoint extensions, among which the Friedrichs extension is the only one 
whose domain is included in iJ^(R^), namely it is the unique self-adjoint extension to which we 
can associate a natural quadratic form. 

The paper is organized as follows. Section 2 contains the proofs of Propositions 1.1 and 1.2. In 
section 3 we prove a positivity criterion in the spirit of the AUegretto-Piepenbrink theory, which 
is used to prove Lemma 1.3 and its reticular version (see Lemma 3.8); a key tool in the proof of 
Lemma 1.3 is the analysis of positivity of potentials obtained as juxtaposition of potentials with 
different singularity rate, which is a nontrivial issue due to the lack of isotropy, see Lemmas 3.4, 
3.5, and 3.6. In section 4 we discuss the stability of positivity with respect to perturbations of 
the potentials with singularities localized at dipolar-shaped neighborhoods either of a dipole or 
of infinity. In section 5 we prove Theorem 1.6 and show that condition (8) is no sufficient for 
localization of binding by constructing a suitable example. Section 6 is devoted to the proof of 
Theorem 1.7 and of its reticular counterpart. 

Notation. We list below some notation used throughout the paper. 

- B{a, r) denotes the ball {x £ M^ : \x — a\ < r} in M^ with center at a and radius r. 

- R"*" := (0, +oo) is the half line of positive real numbers. 

- For any A C M^, Xa denotes the characteristic function of A. 

- S is the best constant in the Sobolev inequality S'ljull^a*™™-, < l|w|li)i,2(Riv)- 

- For all t G M., t~^ := max{i, 0} (respectively t^ := max{— t, 0}) denotes the positive (re- 
spectively negative) part of t. 

- For all functions / : M^ -^ M, supp / denotes the support of /, i.e. the closure of the set 
of points where / is non zero. 

- Wat denotes the volume of the unit ball in R^. 

- For any open set Q C R^, 2?'(0) denotes the space of distributions in 17. 

- For any / S L°°{A), with either A = §^~^ or ^ = R^, we denote the essential supremum 
of / in A as ess sup^ / := infja G R : f{x) < a for a.c. x G A}, while the essential infimum 
of / in A is denoted as essinf/i / := — esssup^(— /). 

2. Proof of Propositions 1.1 and 1.2 
This section is devoted to the proof of Propositions 1.1 and 1.2. 

Proof of Proposition 1.1. From (2), it follows that 

k 

(10) Qc.vA^)>[1-^nVk) I \^u\^dx. 



Q£.p.^(w)> (i-AatVaj / |Vi 



Hence a sufficient condition for Qc.v.A to be positive definite is that 

k 
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Assume now that X^^Li Ai > A^^ and fix d e R^, |d| = 1. From (2) and density of C;?°(R^) in 
r»i.2(R^), there exists some function (j) G C?°(R^) such that 






Let ai, . . . ,ak G R^ and set A ~ {ai, . . . , a^} C R^, V = {d, . . . , d}. For any /i > 0, consider the 

Af — 2 

function (j)fi{x) = /i 's~ (f)(x / fi) . A change of variable yields 



k 



f |V^,pdx-^Aj i^^-^d^ldx^ f iV^pdx-^Aj ^cl^^(x + ^)dx 

for all /^ > 0. Letting fi ^ oo, the Dominated Convergence Theorem yields 

|V</)^pdx-VA, / ^Z^^cj>ldx~. j \Vcj>\^dx~(J2\^ I ^d^'dxKO 

therefore Qc,v,A{4>ti) < for /z sufficiently large, thus proving the second part of Proposition LI. 

D 



Proof of Proposition 1.2. Assume that, for some configuration {ai, . . . , a/,}, for some e > 0, 

and for any u G V^'^{R'^), 



k 

(11) / \Vu{x)\^dx~J2 f 



— -^ '■^u''{x)dx 

_) \x ~ ai\^ 



°°Ma;|) 2/ 



■ u 



{x)dx~ W{x)u'^(x)dx>e |Vu(a;)pdx 



Arguing by contradiction, suppose that, for some i — 1, . . . ,A:, [i\{hi) < —{N — 2)^/4, or equiv- 
alently that A]\f{hi) > 1, with Ajv(/ii) as in (4). Let < S < eAN{hi)^^. By (4) and density of 
C;?°(R^) in X>1'2(rW)^ ^j^gj.g g^jg^g ^ g C;?°(R^) such that 

(12) / \V<P(x)\^dx~ j ^^lh^^^{x)dx<S f Mm102(^)^^_ 

Jr" Jr" Fr Jr" Fr 
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The rescaled function (f)^{x) = fi^^^^^^^^(t>{x/ii) satisfies 

r ^ r h ( "^^"^ ) 

(f3) / |V0^(x-a,)l'rf^-E / -P^^cbl{x-a,)dx 

— ^ (j?^{x - ai) dx - I W{x)(f)f^{x - ai)dx 
"\s(o,fl) Fl JR" 

r h(^) r h {^±2dJ^\ 



r h,(fj) 

\V(f>(x)\^dx- / , ^,^' (f)^(x)dx + oil), as^^O. 
7r« |a:r 

Letting /x ^ 0, by (f 2) and (4), wc obtain 

e \W<j>(x)\^dx< \W(p{x)\^dx~ , '^ (/)^(x)dx 

JR« JR" JR« FI 

JR« FI Jrn 

thus giving rise to a contradiction. 

Suppose now that, /xi(/ioo) < ^-^ — 4~' "-"^ equivalently that A]\f{hoo) > f , with Aj^{hoo) defined 
in (4). LctSe (0,£AAr(/ioo)"^). BydefinitionofAwl^oo) and density of C;?°(M^\{0}) in Pi'^j-jjw-)^ 
there exists e C;?°(M^ \ {0}) such that 

\V^{x)\^dx~ f °° ,^^ 0^(x)dx<<5 / "" I? '/''(^)^^- 

jR" Fr ^R" fI 

Since G C;?°(R^ \ {0}), the rescaled function <j)^{x) ^ ^-'-'^-^y^<j){x/fi) satisfies 



JR" fr^iB(a,,r,) F ^ Oj T 



\ \x — ai\ I ,2 , 
^°o(r) ,2. n , / w. N ,2, 



R"\B(0,fl) FI JR" 

7r" ^7b(^,i.) |x-a,^|2 

^^^<?!)2(x)dx-^2 / w{[ix)<i?(x)dx 



R" 



R"\s(o,f) |2;P 

\V(l){x)\^dx- 77^''' (/)^(x)(ix + o(l), as^^oo. 



12^^ _ / Mn)^2/ 



R" |x|2 



10 VERONICA FELLI, ELSA M. MARCHINI, AND SUSANNA TERRACINI 



Letting /i ^ oo and arguing as above, we obtain easily a contradiction. D 

3. The Shattering Lemma 

The well-known AUegretto-Piepcnbrink theory [2, 25] suggests us a criterion for establishing 
positivity of Schrodinger operators with potentials in V, by relating the existence of positive solu- 
tions to a Schrodinger equation with the positivity of the spectrum of the corresponding operator. 
For analogous criteria for potentials in the Kato class we refer to [6, Theorem 2.12]. 

Lemma 3.1. Let V ^V . Then the two following conditions are equivalent: 

{a) there exist £ > and 93 G I? ' (R ),</?> in R \ {ai, . . . , a^}, and Lp continuous 
in R^ \ {oi, . . . , ak}, such that - A(p - Vip > eVip in (X'^^^(M^))*, i.e. 

mi,2(jsiN\\*{—Af — Vf — eV(p,w)x)i.2(ji^N\ — / [\/(p ■ \/w — {1 + e)Vipwj dx > 

for any w G X'^'^(M^) such that w > a.e. in R^. 
Moreover, if (ii) holds, ^{V) > t4— • 

PROOF. Let Vix) = Eti XB(a.,n)W '""^^)^|r"''^ + X^.^BioM^^'^nW^ + ^(^) ^ ^ ^'^^ 
set h := X]i=i ll^i|lL°°(S"-i) + ||^oo||l°°(s"-i)- From Hardy's, Holder's, and Sobolev's inequalities 
there holds 

/• _ [ dh . 1 /• 

Vu{x)\^dx, 



{N-2 



(14) / V{x)u''{x)dx< 

for every MG V^-'^{R'^). 

ih 



Ah 

2+ S ||T4^||iN/2(RJV) 



R" 



Assume that {i) holds. If < e < ^^ 7iv=W + S'^WWl'^'^CSl'^) ■• fro™ (14) it follows that 
(|VM(a;)|2 - (1 + e)V{x)u'{x)) dx > ^^ / \\/u{x)\^ dx. 



As a consequence, for any fixed p G L^''^(R^) n L°°{M^), p{x) > a.e. in R^, the infimum 

. J^^{\Vu{xr-il + e)Vix)uHx))dx 

iyp{V + eV)= mf T 

«eX)i>2(Riv)\{o} Jjj„p(x)u2(a;) 

is strictly positive and attained by some function cp G I?^'^(M^) \ {0} satisfying 

—Alp{x) — V{x)(p{x) = £ V{x)(p{x) + yp{V + £F)p(x)(^(x). 

By evenness we can assume f > i). Since F G V, the Strong Maximum Principle allows us to 
conclude that cp > in R \ {oi, . . . , Ok], while standard regularity theory ensures regularity of Lp 
outside the poles. Hence [ii) holds. 
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Assume now that (ii) holds. For any u E C^(M.^ \ {ai, . . . , Ofe}), testing the weak inequahty 
satisfied by (p with u'^ /f we get 

(l+e) f V{x)u^{x)dx<2 f ^^Vu{x)-Vip{x)dx~ I ^L^\V ip{x)\'^ dx < ( \Vu{x)\'^ dx. 



Lp{x) J^Nip^ix) jRiV 

By density of C^(M.'^ \ {oi, . . . , a^}) in ^^'^(M^) we deduce that, for every u G V^^'^{R^) \ {0}, 

/ V{x)u^{x)<^— [ \\/u{x)\^dx, 
implying 

(15) / {\Vu{x)f -V{x)u^{x))dx>^— [ \Vu{x)fdx, 

and hence ^{V) > -^ > 0. D 

The above positivity criterion allows to extend to multiple dipole Schrodinger operators the 
Shattering Lemma in [11, Lemma 1.3] yielding positivity in the case of singularities localized 
strictly near the poles. 

Let us start by observing that, evaluating the quotient minimized in the definition of /i(T^) at 
functions concentrating at the singularities, n{V) can be estimated from above as follows. 

Lemma 3.2. For any 

I ''■I \ "j j" / '*'oo \ 1 T / 

(16) V{x) = ^Xb(,.,,.)(x)^^^ + XR»\a(o.fl)(x) , '"'' + W{x) e V, 

j^^i F ^i\ Fl 

there holds 

M(^) < l-max{0,A7v(^l),...,AAr(/lfc),AAr(/loo)}, 

where AN{hi) is defined in (4). 

Proof. Let us first consider the case Ai^{hi) — for every? == 1, . . . , A:, oo. Let us fix m G C(?°(R^) 
and P e M^ \ {ai, . . . ,afc}. Letting u^{x) — ^ '!~u(^^^^), for fi small there holds 

, , Ljv W{x)v?, ix) dx , ^ , 

KV)<l- ^f V Yl ^ =l + o(l) asM^O+. 

Jriv \yu^{x)\''dx 

Letting /i ^ 0+ we obtain that ij,{V) < 1. 

Assume now that maxi^i k.oc ■^^{hi) > 0. Suppose AN{hi) < A7v(/i2) < • • ■^^{hk) and let 

e > 0. From (4) and by density of C;?°(M^) in V^-'^(R'^), there exists cf) G C^(R^) such that 



\V(l){x)\^dx < 



AN(hk) ^ + i 



-P^^<l>^{x)dx. 
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Letting (p^{x) = ^ 2 



x — ak 



for any /x > there holds 






/R«\B(o,fl)^-(R)|2^l ''^'(a^)'^^ 4„W^(x)02(^)^^ 



= 1- 






Letting /i ^ 0+, by the choice of we obtain 



/«« |V0^(x)|2dx 

+ o(l) as /i^0+. 



AAr(/lfc) l+if 



for any £ > 0. Letting £ ^ we derive that [i^) < 1 — AN{hk) 
we obtain a function t/jca E C^{M.^ \ {0}) such that 



Repeating the same argument, 



\Vipoo{x)\'^dx < 



Ajv(/loo) ^+£ 



^°^\\x\} 



V'^(x)dx. 



Setting ipf^{x) = /i 2 -0^ (2.^ and letting /i -^ +00 we obtain also that ij,{V) < 1 — A7v(ft.oo)- The 
required estimate is thereby proved. D 



, fc, 00, i.e. ii hi < a.e. in 



The proof of Lemma 1.3 is immediate if A^ihi) = for all i = 1, 
§>^^^ for alH = 1, . . . , fc, 00, as the following lemma states. 

Lemma 3.3. Let ai, 02, . . . ,ak G M.^ , ai ^ aj for i 7^ j, and hi, ... , hk, k^o G _L°°(§^^^j with 
l^i(hi) > —{N — 2)2/4, for i = 1, . . . , fc, 00. Then, if AN{hi) = for all i ^ 1, . . . ,k, 00, for every 
Ui, . . . ,Uk, Woo C M^ such that Ui is a neighborhood of Oi for every i = 1 , 
neighborhood 0/00, there holds 



id lA, 



Q^ zs a 



i=l 



X - Oi 



1. 



Proof. The inequality ^(Eti X^/.(^) "'^-i^'ir"''^ + Xt/^(x)^^--g^) < 1 follows from 
Lemma 3.2, whereas the reverse inequality comes immediately from the assumption hi < a.e. in 
S^-i for aUi = l,...,/c,oo. D 

When dealing with isotropic potentials, it is quite easy to study the positivity of potentials 
obtained as juxtaposition of potentials with different singularity rate. If, for example, Oi C O2, 
then the operator —A— ■mXni"-mXo2\ni is positive definite whenever max{Ai, A2} < (TV— 2)2/4. 
On the other hand, the positivity of a potential obtained as juxtaposition of two potentials with 
changing sign angular components is more delicate to be established. The analysis we are going 
to develop shows how juxtaposition of potentials giving rise to positive quadratic forms produces 
positive operators if their contact region has some particular shape (which resembles a sphere 
deformed according to dipole coefficients). 
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For any h £ i°°(S^^^), let V'l' denote the positive i^-normalized eigenfunction associated to 
the first eigenvalue /ii(/i) of the operator — Agjv-i — h(9) on S^~^. Let us notice that, for h = 0, 
Tpi = l/y^JJv, where lun denotes the volume of the unit sphere S^^^ , i.e. ujn — JgN-i dV{0). 

For hi, ft.2 e i°°(§^"^), cr > 0, and i? > 0, let us denote 

,N . I I ^ r^fi^iHx/\x\) 



(17) 


n'X - 1- 


Let us notice that 


B 0,R 

V 


nun — r 


We also set, for aeR^ 





X < R 



ri^{x/\x\) 



C£^,[%CB{0,R 



max —^ 

ees"-i V^(^) 



d(«)^={-e»''^ --«££-!} 



Lemma 3.4. Let h, e L°°(§^"i), ^J.i{h,) > -{^^f, « = 1,2, cri,cr2 > such that 

(18) ^ - - - ^ 2 .^1. 

and Ri, R2 G (0, +00) smc/i that S'^^'q ^ C f^^';j ^ • T/ien 
('ij t/ie function 



N -2 1 1 1 N -2 [N -2f ,, , 

-— — < — <— + —< -^^ + mm -^Z ^ -^ + /xi(/i,), 

I Ul Ul (72 



' -1/2 



(19) 



a; 



V ' 



in £, 



u{x) — < 



<"M2:r-<(x/ix|), 



^2 ,-^2 \ C^\ 5-Rl 










^<^^i^^/^^|xr(- + ^V^(:c/kl), inM.^\£llfl, 



belongs to V^^^{R^); 
(a) the distribution 



_ hi{x/\x\) ^ /i2(x/N) 



M"\£^ 



r2,H2 W 
/i2 Al 



belongs to the dual space ['D^''^(R^)j ; 
(Hi) there exists a positive constant C (depending only on N, ui, CT2, hi, and /12J such that 
n > CXjj„^^.i,Hi j^ m {V^'^iR^))*, I.e. 



(X'1.2(R«))*(7^, w)x)1.2(RiV) > C 



for any w € X'i'2(R^) such that w>0 a.e. inR^. 
Proof. Let us consider the function 

'w„"'", m 



UW 
2 



-1/2 • c<Tl,i?l 



^^2(x), inM^\£-f% 
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where 



(^i(x) = rI^'''\x\-^^'1'{x/\x\), and ^3(2;) = rI^"' rI^'''\x\-'^^^^^^'1'{x/\x\). 



7(T2,-R: 



-cri,-R 



By definition of the sets S^l'J;^^ and E^lf', it follows that u e V^'^{R^)n C^\R^). Moreover 



A^i 



hi{x/\x\) _ 



\x\ 



^r-^fl = 



'Ar-2\2 



{^y+,M-{j,-^ 



w 



\{0}, 



Aip2 



h2ix/\x\) 



\x\ 



^-^(P2 



(^) +Mi(M-(ir + ^-^) #' inK-\{0} 



Let us denote as i^i(a;) the outward normal derivate to S'^^'q ^ and as h'2{x) the outward normal 

X 931 (x) 



derivate to £^'^\.^- A direct calculation shows that 



aC-o^^={xeR^: ^i(x)^a;^^/^} and Vy^i • f^ = -^ < on d£^,lf\ 



_ Vyi(a) 



o-i.-Ri 



hence 1^1 (x) ~ — |v L)| ^^^ ^'^l ^ '= '^^h^'o ^- In a similar way 

d£r.'l^={xeR'': M^)=M^)} and V(^i - ^2) • ^ = ^ > on 9£,--,^^^ 

\X\ 02\X\ 

hence z/2(a;) = \v%V-v^){x)\ ^i' aU a; G dEl^Sl' Therefore, for any w e V^-'^iR^), w > 
in M^, there holds 



a.e. 



(■Di.2(E"))* 



hi ,0 



_ hi{x/\x\) ^ h2ix/\x\) ^ 

(V ifi ■ iyi)wdS + (Viipi - 1P2) ■ V2)wdS 



■D1.2(R«) 






iV-2\^ ,, , /I A^-2^^ 



(^IW 



/„<T2,i?2x <r''l.Kl Ixp 



iV-2V , , /I 1 N-2 
+ Aii(/i2)- — + ^ 

\ (Tl 0-2 2 



(^2 W 



>c 



K"\<l:"" 1^1 iR"\£,"^\fi I2; 



uw 

~|2' 



whereC = min{(iV^)%/.,(M-(ir-^f'(^)'+A'i(M-(^ + ^-^n>O.The 
proof is complete. D 

The Kelvin's transform yields the counterpart of Lemma 3.4 in the case of singularities located 
at finite dipoles, as we prove below. 

Lemma 3.5. Let hi e L°°(E>^^^) , iJ,i{hi) > ^ (-^^j^) , i = 1,2, <Ti,a2 > satisfying (18), and 
'fi,r2 G (0, +00) such that S'^^'^^ C £0)^^ ■ Then 
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(i) the function 



(20) 



v{x) = < 



|-(JV-2) -1/2 



X 



"^r(^/Ni), 






^^^/-r-^/-|xr(^-^)+^+^V^(x/|a:|), ^n £--, 



belongs to V'^^'^{M.^); 
(a) the distribution 

hi{xl\x\) h2{xl\x\) 

H = —AV —p^ Xc-''l,^lxc-''2,'-2 V -—: Xc-"2.'-2 V 

belongs to the dual space ('D^''^(R^)) ; 
(Hi) there exists a positive constant C (depending only on N, a\, a^, hi, and /12J such that 
n > CX^'^i^^i ^ m (I?i-2(M^))^ I.e. 



(X)1.2(RN))*(7Y,w)x)1.2(RiV) > C / r— 12 



for any w € I? ' (R ) such that w > a.e. in 



pN 



Proof. Let us consider the function u defined in (19) with Ri ~ 1/ri and R2 = l/r2- Then the 
function v defined in (20) is the Kelvin's transformed of u, i.e. 



u{x) = \x\-'^^-^K{x/\x\^). 
Since Av{x) — \x\~^~'^Au{x/\x\'^), the conclusion follows from Lemma 3.4. 



n 



Lemma 3.6. Let hi, . . . , hk, hoc. Hi, ... , Hk, H^ G _L°°(§^ ^) satisfying 

< max {KN{hi),KN{Hi)] < 1, 



= l,...,fc,c 



0<e<( max {AN{hi),AN{Hi)]] -1, h^ = {l + e)hi, Hi = {l + e)Hi for all i ^ 1, ... ,k, 00, 
ci , cr2 > such that 



Z (71 (Tl (72 ^ 



< ^ < ^- + T- < ^^^7^ + nilUi^i ^/j 00 ^ ^5— I \/ 4 I h^iv-ijj y 4 



N-2 ^ l (N-2)^ 



IJ-iih 



{N-2Y 



lJ-i{Hi 



{ai, 02, ... , Ok} C M , Oi 7^ Qj for i ^ j, and Rq > such that 



{ai,a2,.. .,afe} C B(o,Ro 



min Wujm tb(°° (0) 
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Then there exists S > such that for all < 6 < S, for any R such that f?^ ' ^ C S"^ ' r , and for 
any r > swc/i ^/ia^ ^T^'ly ^ ^^V /^^ ^^^ ^ — 1, . . . , A:^ ^/iere /loMs 

hi. Hi O.hi 



Z^^£'l-'(a 



i=l 



- (a,)\£f2': (, 






'^n|a;-a-|) 



E^C;;..(a.)(^) 



^ V Ix — ail / 



i^l 



A c 






^^^:^,n^-"' \xY l-e + l 



Proof. By scaling properties of the operator and in view of Lemma 3.1, to prove the statement 
it is enough to find (p G I'-'^'^(IR^) positive and continuous outside the singularities such that 

fe 
(21) -A(^(a;)-Et/,(a;)(^(x)-t4o(x)(^(x)>0 in (V^^^R^))" , 



where 



and 



T . / ^ _ V ho^{x/\x\) Hoo{x/\x\) 



\£" 



and (5 > depends neither on R nor on r (but could depend on e). 
Let us consider the function <Poo(a^) ~ u{5x), where 



(x) 



rr ( x~(ai/S) n 



-1/2 



-"AT 



u(a;) = <'ii'o^"^kr^^i'°°(^/kl), 



ft.oo.0 ' 



m t - - \t 



ftoo^O ' 



^iM^i/<x2 |a;|-(^+^)^f ~ (a;/|x|), in R^ \ S"^ 



a-2,-R 



From Lemma 3.4, we have that, for some positive constant C (depending on A^, cti, (72, h^c, H^ 
e, but independent of R and 5), 

-A(^oo(a;) - Voo{x) (poo{x) > CX^ ^i,Ra/5 °° h 

^ ji _„ n \X\ 



(V''^{R^))\ 



Let us also consider the functions (pi{x) = uAx — ^), i = 1, . . . , /c, where 



Ui(x) 



\x\-i^-^)oj-^"\ 



pW \ cO"i,l 



\ n h 



O.hi 



-(N-2) + - 



T^h^/i^i), 






(i)-^/-|.r(^-)+^+^<^(./|.|), in£-^ 



/■5 



From Lemma 3.5, we have that, for some positive constant C (depending on N, ui, 02, hi, Hi, 
and £, but independent of 5 and r) and for alii — 1, . . . ,k, 

-A(p, - y, (p. > (5X^.1.1. ,,. , "^^ ,2 in (I?1'2(kA'))*. 
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ifi\''U jH,\'y2 ( jM\-'^2-'yi 



We notice that, if f^^'^ C S'"^^' , then f < mins«-i «)"' (V-i )"' ('/'r) 



5 ^ .X....S..-. ^>^iy y^-^ ) \ri ) ■ Hence, by 

definition of (pi, there exists some constant Co > (depending on iV, ui, (J2, hi, Hi, and e, but 
independent of 5 and r) such that, for aU z = 1, . . . ,k, 



(22) 



1 



, for all X e E'^^r^ {ai/5). 



Moreover, by the definition of Lp^ 



(23) 



1 



"(^+, 



O.hi 



pN \ pcri,-Ro/i5 



¥^00(2;) > — |(5a;^^^^^^ for all .T G M'^ \ f "^ ^ 



where Ci > depends on iV, cti, cr2, /loo, ^00, £, and i?o, but is independent of R and (5. Let 

if — X]i=i '/'i + ?7'/'oo for some 77 such that 



[) <rj < mm < — = = - 

»=!,.. .,fe ^ 2Comax{||/ij||Loo(siv-i), ||i?i||Loo(sjv-i)| 



-1/2 



max 



■"N 



Then we have 



k 

l\ip{x) - Y^ V^{x) if{x) - V^{x) Lp{x) > f{x) 



l+^-a,iN-2)' 



(V^^^iR^))*, where 

k 



fi 









- XI V^ix)fj{^ 






T]'YVi{x)(poo{x) - Voo{x)y^^ipi(x). 



In 



i=l 



particular a.e. in the set £-^' "' \ Ui=i ^'^V i'^i/^)i ^^ have that /(x) = 0. Let us consider 



S'^^y' {ai/5). Since, for 5 small. 



e^^j^M^/S) C £l^^^" and E'^j^M^/S) C R^ \ S^^ia,/^ for j ^ ^, 



from (22) it follows that, in f^y {ai/5), 






V^i 



0,h^ 



/-s) 



^«(^)( X! '/'j (2;) + ?? '/'oo (a;) 



> 



_C 






■ a;^"^'^max|||ft,i| 



^oc(gJV-l), 



li/,; 



L°=(S"-i) 



IE 

\j=i 



-(N-2) 
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It is easy to see that, for S small, in £°^^-' (ai/S) 









> 



l/2nl+^-<Ti(Af-2) 



^N 



8es"-i^('.(6») 



and 



-iN-2) 



< 



J-l ^ u,j 



^N-2 ^ V 



k-1 



and licncc the choice of 77 ensures that / > a.e. in S'^y (ai/6), provided S is sufficiently small. 
Let us finally consider R^ \ £'I^'^»/'^, From (23), we deduce that in M" \ £^^^'^°^'^ 



/(^) > TZH 



^1 



N niax{||/loo||L~(S«-i), H-ffoo||L°°(S"-i)} 7 , \x — 7- 



-(JV-2)' 






It is easy to see that, in R^ \ £l'''^^"\ |a; - f | > {^ - jm^] 



\x\ where a — maxj{|aj|} and 



P = [miueggN-i ,JuJ]^ ■4)'l^ {e)Y\ hence 
C 



f{x) > \x\ -1 
-1/2 



Ci 



rjS 



(— +— ) 



-(N-2) 

tjjy"'^^max{||/ioo||L-(s"-i), ll^oo||L-(s"-i)}fc( 1 - -j^ ] (i?o/?)" ~^^ 



>0 



a.e. in R^ \ £p' " , provided S is sufficiently small (notice that the choice of 6 is independent 



of R and r). The proof is thereby complete. 



D 



Lemma 3.7. Let ai,a2, . . . ,ak G R^, a^ ^ aj for i 7^ j, and hi G L°° (S^ ~^) , i = 1, . . . ,k, 00, 
with ^ I (hi) > — (iV — 2)^/4, /or z = l,...,fc,oo, anrf maxi=i^...^fe^oo Ajv(/ii) > 0. Then for every 
< a < 1 — maxi=i ...^fc^oo ^N{hi) there exist Ui, . . . ,UkMoo C R'^ such that Ui is a neighborhood 
of ai for every i — 1, . . . ,k, lAoo is a neighborhood of 00, and 

^^( Yl ^^^ (^) wl 1% + ^u^ (^) \X ) ^1"- max Aw(/i,) - a > 0. 



\X - Qi 



= l,...,fc,c 



Proof. For any < a < I — maxi=i^...^fc,oo ^N{hi), the statement follows from Lemma 3.6 with 
e == (a + maxi=i,...^fe^oo AAr(/ij)) - 1 and //^ = /i^, i = 1, . . . , fc,oo. D 

Proof of Lemma 1.3. It follows from Lemmas 3.3 and 3.7. D 

Proof of Theorem 1.4. It follows from Lemmas 1.3 and Proposition 1.2. D 

Lemma 1.3 can be extended to infinitely many dipole-type singularities distributed on reticular 
structures. 

Lemma 3.8. [Shattering of reticular singularities] Let {hn}neN C -L°°(§^^^) such that 



(24) 



sup ||/in||L=c(sN-i) < +00 and < sup AAr(ft,„) < 1, 

nGN neN 
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and {a„}„ C M satisfy 

oo oo 

(25) y \o,n\^ ^ < +00, y \a„i — ftnl^ ^ is hounded uniformly in n, 

n—l m—1 

and |a„ — am\ > 1 for all n ^ m. Then there exist e > 0, cr > 0, and 5 > 0, such that, for all 
0<S<d, 

I {\Wu{x)\^ -V{x)u^{x))dx 
inf ^ , > 



%r ' / i^uix^dx 

where 

n— 1 ' ' 

Proof. Taking into account the characterization of A7v(/i) given in [12, Lemma 2.4], a direct 
calculation yields that, for any h G L°°(S^~^), 

(26) ANih) > -^^^l^^i(/i). 

Letting < e < (sup„gpj AAr(/i„)) — 1 and /i„ := (1 + e)/i„, from (26), it follows that 



inf ^i(ft,„) > - 



iV-2^^ 



neN V 2 

hence there exists a > such that 



(27) ^ < - < ^+mm|^,y^-^+ mf^Mi(M 

Moreover, classical elliptic regularity theory and bootstrap methods (see also [12, Lemma 2.3]) 

yield that V'l" is bounded in C°'"(S^~^) uniformly with respect to n, thus implying that the 

sequence {V'i"}neN is equi-continuous and, by Ascoli-Arzela's Theorem, compact in C°(§^~^). 
We deduce that, for positive constant C > independent on n, 

(28) ^<tpi"{0)<C foraU6'e§^-^ 

Let 

(\x\-(^-'^+i^1-{x/\x\), in£;;3^. 

Arguing as in Lemma 3.5, one can easily verify that ^„ G I?^'^(M^) and 

-^^" \Zy2 ^£-3 V-n > C—r^ X^.,1 m (P (M )) , 

for some C > depending on A^, infneN fJ'iihn)^ ^nd a. 
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Let ip{x) — X]^i V'n(2;^^)- Due to estimate (28), for any open set fi C M^ such Q is compact, 
we have that there exists n such that I -!/;„ (a; — ^ ) I = ujj^ I ^ ~ ^ I — const I ^ I and 

\yipn{x- ^)| =w^^/^(iV-2)|x- ^p^^"^^ < const I ^p*^"^' for all n > n and x G fl. Then 

n— 1 n— n 

and V((/?|j^) e L2(o). In particular ip e ^?oc(I^^)' "/^ ^ ^ioc(I^^)' and ^^^^^^ V«(a;- ^) converges 
to (p in i?o(ri) for every fi <s R^. Moreover 



"^^(^) - E I Z2 ^£''} MsM^) > /(^) in {H^mr for aU n d 

n=l ' 5 ' 



oAf 



where 



m^cf^^tf^^^x 



00 I / a:-(a„/[?) Ny 
/ X Y^ '^"\\x-a„/5\) ^ ( a„ 






A.e. in the set M \ IJi^i'^n », ('^"/'^)' ^'^ have that /(x) = 0. From the definition of ipn and 



o-.l 



estimate (28), it follows that in each £ '-_ {an/ 5) 



0,h„ 



f{x) > Ci 



Co 



^{N~2) + l/a 



E| 



-(N-2) 



for some constants C'l , C'2 independent of n. Since, for small (5, ur— ^ > j 

provided 6 small enough, we deduce that 



li^zii^iii^^const > ^^^^ 






-iN-2) 



< (26)^-^ J2 1^" - ""1"'^^^^ < const (5 



N~2 



Hence, we can choose 6 small enough independently of n such that f{x) > a.e. in £^'- {an/5). 
Hence we have constructed a supersolution if G Ll^^iW^)^ i^ > in M^ \ {a„/(5}„gN and ip 
continuous in M.^ \ {an/5}nefi^ such that 






00 h ( ""-J- ) 

■r-^ "■« V la;— ^^1 / / 1 



for all n <E M^. Therefore, arguing as in Lemma 3.1 and taking into account the scaling properties 
of the operator, we obtain 



ll{V) := inf 

«ec,="(R"\{a„}„e„) 



(|Vu(a;)p -V{x)u^{x))dx 



>0, 



\Vu{x)\'^dx 
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I.e. 

(29) / V{x)u^{x)dx<{l-fi{V)) I \\/u{x)\^dx 

for all u e C^ (M^ \ {a„}„eN). By density of C^ (K^ \ {a„}„eN) in V^'^{R'^) and the Fatou 
Lemma, we can easily prove that (29) holds for all u e I?^'^(IR.^). 

n 

Remark 3.9. Taking into account the characterization oi A^ih) given in [12, Lcmma2.4], we can 
easily prove that, for any h e _L°°(§^^^), 

/ N - 2\^ 
^ll{h) < - ( ^— ) + [i^N{h))-^ - 1] ||/i+||l-(s«-i), 

which, together with (26), implies that, for {/irijneN bounded in L°°(§^^^), 

A^-2"^ 



sup Ajv(/i„) < 1 if and only if inf ^i{hn) > 

riGN "eN 

4. Spectral stability under perturbation at singularities 

In this section wc discuss the stability of positivity with respect to perturbations of the potentials 
with a singularity sitting at dipolar-shaped neighborhoods either of a dipole or of infinity. 

In order to analyze the stability of the sign of fJ,{V) under perturbations at singularities, it is 
useful to investigate its attainability. Due to inverse square homogeneity, it is easy to verify that 
m( \3i ) = 1 ^ AAr(/i) is not attained if /i G L°° (S^^^) is positive somewhere, i.e. if Ajv(/i) > 0. 

li h < a.e. in K^, then /i( i^p ) — 1 could be achieved, as it happens for example if h vanishes 
in a nonempty open set. 

The best constant in the Hardy-type inequality associated to a multisingular potential V (z V 
is attained if ij.{V) stays strictly below the bound provided in Lemma 3.2. 

Proposition 4.1. Let V E V be as in (16). If 

(30) ^i{V) < 1 - max {O, Aw(/ii), • • • , Ajv(/ife), AAr(/ioo)} 

then /i(V) is attained. 

Proof. Let us assume that (30) holds. Hence there exists a > such that /i(V) = 1 — A — a 
where A = max |0, A]\i(hi), . . . , Ajv(/iA;), Ajv(^oo)}- From Lemmas 3.3 and 3.7, there exist V E V 
and W e i^/2(M^) n L°°(IR^) such that V = V + W and 

(31) ^(y)>l_A--. 
Let M„ G I?^'^(R^) a minimizing sequence for i^{V), namely 

/ \Vun{x)fdx^l and / {\Vunix)f - V{x)ul{x)) dx ^ ^(V) + o{l) as n ^ oo. 

7r« Jr" 
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Being {u„}„ bounded in I?^'^(IR^), we can assume that, up to a subsequence still denoted as m„, 
Un converges to some u a.e. and weakly in I?^'^(R^). Since 

l-A-^<KV)< f {\Vun{x)\^-V{x)ulix))dx+ [ W{x)ulix)dx 



^ H{V) + / W{x)u^x) dx + o(l) = 1 - A - a + / W{x)u^x) dx 

as n ^ oo, we obtain that L„ VK(x)'u^(x) dx > # > 0, thus implying u ^ 0. From weak 
convergence of u„ to w, we deduce that 

J^^{\Vu{x)\^-Vix)u\x))dx 
Irn \Vu{x)\^dx 

_ [V (iV^nWP - V{^)<{^)) dx] ^ [V (|VK - u){x)\^ - T/(x)K - u)H^)) dx] + o(l) 
/rn |Vu„(x)P dx - /jj„ |V(m„ - m)(x)P dx + o(l) 

< ...^ 1 - V I^K - ")(^)l' dx + o(l) ^ r 0(1) 1 

" l-/R«|VK-")(.T)Pdx + o(l) ^^^^[''^/„„|Vu(x)|2dx + 0(l)J ^^"^°°- 

Letting n -^ oo, we obtain that u attains the infimum defining /i(V). □ 

Let us now study the stability of the sign of fi{V) under perturbations at infinity. 

Theorem 4.2. For i = 1, . . . ,k, let r„R e R+ , a, e R^ , a, ^ a, for i ^ j, hi, hoc e L°°(§^"i) 
with ^ii{hi) > -{N - 2)2/4, Mi(^oo) > -{N - 2)^/4, and 

k u ( x-aj \ 1 ( X \ 

^^("' '^^^ ^""^ \x-ai\^ + ^R«\B(o,i?) {x) i^p + T4^(x) e V 

where W G L^/2(]R^) n L°°(R^). ylssume i/iai /^(F) > and let h e L°°(§^-i) smc/i i/iat 
yUi(/i + hoo) > —{N — 2)2/4, e > such that, setting H := h + hoc, 



g< j max.=i..^....^{L(^.).Aiv(g)} ~ ^' */ max,=i,...,fc,- { ^^ (^0. ^jv (^) } > 0, 
\+oo i/ maxj=i,...^fe,oo {AAr(/ij), A7v(-ff)} = 0, 

and (7 > such that < ^ < mini=i,...^fe^oo {\/(^ - 2)V4 + Mi(^j), \/(^ - 2)^/4 + A*i(^)}, 
where hi := (1 + e)/ii and H := (I + e)H . Then there exists R such that 

for all R> R, where £'^ - is defined in (17). 
Proof. Let cri > such that 



N-2 1 1 1 N-2 . r /(iV-2)2 /(TV- 2)2 



2 (Ti (7i (T 2 i— 1,...,A; 



;;.oo 
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Assume, by contradiction, that there exists a sequence i?„ -^ +00 such that, setting 



,, ,, h{x/\x\) 






there holds /i(T^i) < 0. By Lemmas 3.3 and 3.6, Vn ~ Vn + W, where /i(Ki) > j^ > and 



.12 



-W{x) 



«— 1 ' * 

for some 5 > and i?o > independent of n. By Proposition 4.1, /i(Ki) is attained by some 
(fin eX>i'2(K^) such that 



and 

(32) 



Aipn - Vn(pn = -/i(K)A(p„ in 



T,N 



Up to a subsequence, (pn ~^ 'fi weakly in I?^'^(M^) for some ip E I?-'^'^(K^), and hence 



—— < m(K) < / |V</J„(x)|2 rfx 

e + J- JR« 



K(a;)(y9^(a;)da;+ / T4^(x)^2 (-^) ^^ 
m(K) + / W{x)ipl{x)dx < W{x)ip'^{x)dx + o{l) as n ^ +c 

/ire /V I miN 



/R« 



Therefore /jgjv VF(x)(^^(x) dx > and we conclude that (fi ^ 0- We claim that 
(33) hm/ K(x),„(x)^(.)..= / nx)^^(.)d.. 



Indeed for any 77 > 0, by density there exists ip E C^{M.^) such that \\ip — 'i/;||x)i,2(RN') < rj. Since 
■0 has compact support, from Hardy's inequality we have that, for large n, 



< 



Vn{x)(pn{x)ip{x) dx — / V (x) Lf'^ (x) dx 

Jr« 



{Vn{x) - V{x))(pn{x){(p{x) - ^p{x)) dx 



< const T] 



V{x){ipn{x) - ip{x))(p{x) dx 



const J] + 0(1) as n ^ 00. 



V{x){(pn{x) - (p{x))ip{x) dx 
(33) is thereby proved. From (33), multiplying (32) by ip and passing to limit as n — > 00, we obtain 
fi{V) f |V^(x)|2 dx< f (|V^(a;)p - V{x)lp^{x)) dx < 0, 

JR« JR" 

a contradiction. D 

The following theorem is the counterpart of Theorem 4.2 as far as the possibility of perturbing 
singularities at dipoles is concerned. 
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Theorem 4.3. For i ^ I, . . . ,k, let r,,R e R+ , a, e R^ , a, ^ aj for i ^ j, hi, h^o G L°°(S""^) 
with ni{hi) > -{N - 2)2/4, mih^) > -{N - 2)2/4, and 

V{x) ^ Y. ^S(a„n) (x) , '"'°:^^ + X^N\B(O.R) (X) I '" + W^(2;) e V 

■'^^ \x ~ air \ V - y L^ ^ 

•i— 1 ' ' ' ' 

where W G i^/2(M^) n i°°(M^). ^ssMme i/iai fiiV) > anrf /et h G L°°(§^-i) smc/;, t/iat, for 
some io e {1, . . . , fc}, /ii(ft- + hi^) > —{N — 2)^/4, e > such that, setting H := h + hi„, 

£ < | max.= l.......^{L(/^.).Aiv(g)} ~ 1' *■/' max,= i,...,fc,oo { A^ (/l»), Ajy (i/) } > 0, 

l+oo i/ niaXj=i,...,fc,oo {AAr(/ij), AAr(i?)} = 0, 



and a > such that < | < minimi,. ..,fc,oo {\/(^^ - 2)^/4 + Aii(/ij), \/(A^ - 2)^/4 + Mi(^)}; 
where hi := (1 + £)/ii a^rf H := (I + e)H . Then, for every i G {1, . . . , k}, there exists f such that 






>o, 



for all < r < r. 

Proof. Let cti > such that 



N-2 1 1 1 N-2 . r /(TV- 2)2 ,~, /(A^-2)2 



2 CTi CTi (J 2 i=i,...,fc,oo [V 4 V 4 

Assume, by contradiction, that there exists a sequence r„ ^ 0+ such that, setting 

/i(^^) 

there holds /i(V^) < 0. By Lemmas 3.3 and 3.6, Vn — Vn + W , where /i(Ki) > -fj > and 

k u ( x-a, \ 7 fj^\ 
X — ^ ^\\x — a\} ^^\\x\} 



hoo.O 



for some 5 > and i?o > independent of n. By Proposition 4.1, /i(T4,) is attained by some 

ifn e P^'2(rW) such that j^^ |V.^„(x)|2 dx = 1, ^^^ |V(p„(x)|2 dx - j^^ Vn{x)ipi{x) dx = ^l{Vn), 
and (32) is satisfied. Up to a subsequence, (fn^^f weakly in V^^'^iM.^) for some (f E 'D^''^{M.^), 
and hence 



<l-i{Vn)+ W{x)ip^{x)dx < / W{x)ip^{x)dx + o{l) as n ^ +oo. 
Therefore /jjjv W{x)ip'^{x) dx > and we conclude that (fi ^ 0- We claim that 
(34) lim / Vn{x)ipn{x)f{x)dx^ / V{x)ip {x)dx. 



SCHRODINGER OPERATORS WITH INVERSE-SQUARE ANISOTROPIC POTENTIALS 



25 



Indeed for any 77 > 0, by density there exists ip G C^{R \ {cHq}) such that ||(/3 — '0||x'1.2(r«) < V- 
Since the support of tj) is detouched from a^^ , from Hardy's inequahty we have that, for large n, 



Vn{x)(fn{x)^{x) dx 



F(x)(p^(x) dx 



< 



{Vn{x) - V{x))(pn{x){(p{x) - ipix)) dx 

< const rj - 



R" 



V{x){ipn{x) - ip{x))(p{x) dx 



V{x){ipn{x) — (p{x))ip{x) dx = const ry + 0(1) as n — > 00. 
(34) is thereby proved. From (34), muhiplying (32) by (p and passing to hmit as n ^ 00, wc obtain 

fi{V) I |V^(x)|2 dx< I (|V^(x)|2 - V{x)lp^{x)) dx < 0, 
a contradiction. D 



5. Localization of binding 

This section deals with the localization of binding of Schrodinger operators with potentials in 
the class V. The theory of localization of binding was first developed by Simon [29] who proved 
that if Vi and V2 sue compactly supported potentials such that the corresponding Schrodinger 
operators are positive, then also the operator —A — Vi — V2(' — y) is positive definite provided \y\ 
is sufficiently large. Pinchover [24] extended the above result to the case of potentials belonging 
to the Kato class. 

We notice that both Simon and Pinchover consider potentials which are lower order perturba- 
tions of the Laplacian, thus excluding the case of potentials with inverse square type singularities. 
Such a case presents an additional difficulty due to the interaction of singularities at infinity. In 
[11], the following localization of binding result was proved for locally isotropic inverse square 
potentials under some additional assumptions to control the singularity at infinity: 



Theorem 5.1. [11, Theorem 1.5] For j = 1,2, let 

Hi, 



V, 



E 



B(a{,r{) 



»- 



'\x~al\- 



J|2 



^R"\B(0, it^j) (2;) 



hUitl) 



w,{x)ev. 



Assume that /i(Vj) > 0, the functions hj are constant for all j ^ 1,2, i — I, ... , kj, and that (8) 
is satisfied. Then, there exists R > such that, for every y E R^ with \y\ > R, the quadratic form 
associated to the operator —A — (Vi + V2{- — y)) is positive definite. 

For general anisotropic inverse-square potentials, condition (8) is necessary to have a localization 
of binding type result, as the following proposition states. 

Proposition 5.2. For j = 1,2, let 

y^ -E^i^(a^.j)(^) J i + ^^-\BiO..R,){x)^^ + W,{X) e V. 



\x — a: 
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// there exists y G M.^ such that /i(T^i + V2(- — y)) > 0, then 

f N - 2V 

Proof. Assume that, for some y G R^, for some e > 0, and for any u E I?^^^(M^), 
(35) / {\\/u{x)\^-Vi{x)u^{x)-V2{x-y)u^{x))dx>e I \\/u{x)\^ dx. 



Arguing by contradiction, suppose that fiiih}^ + /i^) < —{N — 2)^/4, or, equivalently, that 
AN{hl^ + hl^) > 1. Let < (5 < eANih}^ + hl^)-\ By (4) and density of C^iR'^ \ {0}) in 
X>i'2(]RAf)^ there exists e C^{R^ \ {0}) such that 

\V(P{x)\^dx~ , ^^'"'^ 4>^x)dx<S / , .^^'"'^ (f>\x)dx. 



Let (p^{x) — /i '•^ '^'i'^(f){x/ fi). A direct calculation (similar to that performed in the proof of 
Proposition 1.2) yields 



|V(/.p(x)|"dx- / Vi{x)(f'{x)dx~ / V2{x-y)4>l{x)dx 



|V0(x)pdx- / -;ilMA02(^)^^_ / ,°°^^fy^/ 02(:r)rf:r + o(l). 



^1 ^ =^ "l „ !,2 / g-(y/M) 

R" ' "^' " 7r" kP 7Kiv\B(i^i^) \x-{y/^i)\'^ 

as /i ^ 00. From continuity of cp and the Dominated Convergence Theorem, we deduce that 



/ 

JR 



'^ooi|.-(,/,)i|^2(^)^^^ / ^-^^4>^{x+y-)dx 



9 (xj dx + o(lj, as /x ^ 00, 



/r" |x| 
hence 



|V</>^(x)|2dx- / Fi(x)0^(x)dx- / V2{x~y)4>l{x)dx 

Jr" Jr« 

|V0(x)|2dx- / ^^°°^,^^^^^^ (/)^(x)dx + o(l). 



as /i — > 00. Letting /i ^ 00 we obtain that 



\V^{x)\'dx< / |V0(x)|"dx- / °° , ^^^l"l^ 02(x)dx 



|X|' 

< <5AAr(/i^ + /i^) / \Vcj){x)\''dx < e f |V0(x)|2dx, 

JR« JR" 

thus giving a contradiction. D 

On the other hand, the control at infinity required in (8) is no sufficient to obtain a localization 
of binding result for potentials which are anisotropic at infinity, as enlightened by Example 1.5 
stated in the introduction: 
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Example 1.5. For N > 4, there exist Vi,V2 G V such that /i(Vi),/x(V2) > 0, (8) holds, and 
for every R > there exists yn G R such that \yji\ > R and the quadratic form associated to the 
operator —A — (Vi + V2(- — Vr)) is not positive semidefinite, i.e. /i(Vi + V2(' — Vb)) < 0. 

Proof. For iV > 4, let y = (0, . . . ,0, 1) e M" and ^(^f < A < {^f- From [28], scaling 
invariance, translation invariance in the y-direction, and density of C^((IR^^^ \ {0}) x M) in 

V^-'^{R^), it follows that, for any < e < 2A - (^)^ there exists V G C;?°((M^-i \ {0}) x R) 
such that 



and 



, ^ , ^M X _ VS , X — y _ ^/i 

suppV- C g := <{ X G R : ^ • y > — and ^^— ^ • y < - — 



N-3\' Lj^^^^^l '^^ fN-3^' 



^^j^ 



where a generic point x G R^ is denoted, from now on, as a; = {x',xn) G R^ -'^ x R. Since 
V'GCe°°(R^\{a;' = 0}), 



5 = min 1^1 - (^ • y)\ ^1 - (^ • y)' : a;Gsupp^|>0. 

ace 

suppT/^ C Q' := (a; G R^ : ^ < A ' ^ < 7^^^ and - VT^ < ^^ • y < -^ 
I 2 |a;| \x-y\ 2 



Let 

... X AXc+(x) AXc+(a:) , ,.. ^ AXc-(a;) AXc-(x) 

Vi{x) = ^ r- = — I ,12 and t/2(x) == ^^ r- = — I ,12 : 

where 

C+ = |xGR^: ^<^-y<v/T^^l and 
I 2 |a;| J 

C- - L G R^ : -yr^J^ <^.^<_^\ = -C+. 
{ fI 2 J 

We notice that C+ n (y + C^) = Q' . Moreover, we can write Vi, V2 as 

y,(,) = ^ with ;,^(0)^^{^e^«-^v/3/2<«.,<vT^}W 



(1 - (0 . y)^ 



y2(x) = Mfl with ;,^(^) ^ ^^^"--^T^<«-^<-V3m(^) 



1 - (0 • ?7 
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Being A < (^f , from [3, 28] it follows easily that fi{Vi),^i{V2) > 0. Moreover, C+ n C" = 
and 

Vl[X) + V2[X) - —2 - —-2 - T—j:, S T-TTn, 



hence, from A < {^^f and [3, 28], it follows that /i(Vi+V2) > 0, and thus fJ.i{hi + h2) > -(^^f • 

N — 2 

For any /i > 0, let ipfj,{x) := ji "^iplx/fi). Since 

Vi{x) + V2{x-y)^ -— ^ , 

F I 

a direct calculation yields, for all /i > 0, 

/rjv (^i(a^) + V2{x- fiy))i^l{x)dx ^ J^„ {Vi{x) + V2{x- y))V'^(x) dx 
Jrn |Vi/'^(x)|2 dx /jj„ |VV'(a;)|2 dx 

> 2A -'Q' "FF "'^ ^ 2A -^R" "PF "^ . 2A 

thus implying that fJ,{Vi + V2{- — l^y)) < for all fi > 0. Hence, for every _R > 0, it is enough to 
choose fi > R and y r = fiy to obtain the example we are looking for. D 

The above example justifies the need of the stronger control of the singularity at infinity required 
in the following theorem, which provides a positive supersolution for the Schrodingcr operator 

—A — {Vi + V2{- — y)) with \y\ sufficiently large. 



^., . M0[\^ , . . .'^^co(r) 



Theorem 5.3. For j = 1,2, let 

i^x ' ' F-<r 1^1 

whereWj € L°°(R^), Wj{x) ^ 0{\x\-'^-^), withS> 0, as\x\ ^ oo. Assume that fi{Vi) , fi{V2) > 0, 
and that 

(36) esssup(/if )+ +esssup(/i^)+ < ^^ ^.'^' ■ 

§N-1 gJV-1 4 

Then, there exists R > such that, for every y G R^ with \y\ > R, there exists ^y E 'D^''^{M.^), 
$j, > and continuous in M.^ \ {aj, af + y}i=i,...k .j=i,2, such that 

-A$j, - {Vi + V2{- - y)) %>Q m {V^-^i^""))*. 

Proof. Let us set hj — (esssupgN-i /i°°) — /i°°, j = 1, 2 and, for any j = 1, 2 and i ~ I, . . . ,kj, 

let us choose max{0,;(ii(/i:^)} < 4 < l^iiM) + i^^)^- 

In view of Theorems 4.2 and 4.3 and by assumption (36), there exist J\fi and J\f2 neighborhoods 
of infinity and A/J neighborhoods of aj, j — 1,2 and i = 1, . . . ,kj, such that fJ.{Vj) > 0, j ~ 1, 2, 

where Vj{x) := Vj{x) + J2i=i ^j\f'{^) u^ah2 + \^\^'^fT-jix/\x\)Xj\f^{x). We notice that Vj > Vj a.e. 
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Let < £ < (^^^j-^)^ — esssupgjv-i(/i5^)+ ~ esssupgjv-i(/i^)+ and, for j = 1,2, set 

iV-2"^ 



(38) p,ix) := <; 1 in 5(0, R) \ U-^i B{cv>,ri), 



A = — - — — e and 7^ = A — ess sup h'^ . 

V 2 / gN-l 

Let us also choose < ry « 1 such that 

(37) ess sup /i^ < 71(1 - 2?]) and ess sup /i^^ < 72(1 - 277). 

gJV-l gJV-l 

We can choose R> such that, for j = 1,2, lJi=i ^('^ii^D ^ B{Q,R), and define 

?(0 

inR^\B(0,i?), 

with < T < miui.j 1 1, -^^^"^ - y {^^) + Mi^ii) ^ c^ [• In view of Theorem 4.2, there exist Rj 
such that the quadratic forms associated to the operators —A — Vj — i^^RN\gtf^ f^.) are positive 
definite. Therefore, since Pj G L^/^, the infima 

^ «eX)i.2(K«)\{o} ^^j^pj{x)u^{x)dx 

are achieved by some ij^j G ^'"'^'^(K^), ■i/'j > and continuous in M^\{aj, . . . , a-^.}, I?-'^'^(R^)-weakly 
solving 

(39) - AV'j(x) - i/j(x)V'j(a;) = ^ijPj{x)%l}j{x) + r72^R"\B(o,fl,)^i(2^)- 

From the asymptotic analysis of the exact behavior near the singularity of solutions to Schrodinger 
equations with inverse square potentials proved in [13] (see also [22] and [12]), there holds 



N — 2 u N — 2\^ 

lim 'iPj{x)\x\^-^+''-'^ ^ Ij > 0, where cta := ^— + U ^^— " A, 

Ixl^+oo 2 y y 2 y 

hence the function tpj :— j^ solves (39) and (pj{x) ^ |2;|^(^^2+cta) g^^^ q^^ Then there exists 
p > max{^i, ^2, R} such that, in M^ \ B{0, p), 

(40) (1 - ry2)|a;|-(A'-2+<xA) < ^^.(3.) < (1 _^ r/)|x|-(^-2+aA) 

and that 

(41) |T4^i(x)| <?772|a;|-2 ^^^ \W2{x)\ < r]-/i\x\-\ 
Moreover, from [12, Theorem 1.1], we can deduce that for some positive constant C 

(42) ^\x^a:ir'<^,{x)<C\x-<4r'mB(a:>,ri), z = l,...,A:„ 



For any y G M.^ , let us consider the function 



30 



VERONICA FELLI, ELSA M. MARCHINI, AND SUSANNA TERRACINI 



Then $j, satisfies, in the weak I? ' (K. )-sense, 



where 



71 72, 



f{x) ^^il-f2Pl{x)(pl{x) + -rj2-X]R«\B(o,_Ri)¥'i(a;) + ^^271^2(2; - y)(p2{x - y) 

+ I _ i2 ^m«\B{v,R2)^2{x -y)- liVi(x)if2{x -y)- 72^2(2: - y)Lpi{x). 

\x y\ 

From (37), (40), and (41), it follows that in M^ \ {B{0,p) U B{y,p)) 



r, X ^ 7172 f . . 7172 ( . 

f{x)>^V,{x) + ^-—^^^2{x^y) 

/esssupHN-i /i?° ,,, , A , , 
- Ti rn? — - + ^i(^) ^2(x - y) - 72 



> 



7172(1 -f?^) , 7172(1-??^) 7172(1-'^^) 



esssupgjv-i/ii° , 
^ + W2{x-y) )ipi{x) 

7172(1 -J?^) 



\x\N+cr.^ Ix-yl^+'^A |a;|2|a;-iy| 



Ar-2+crA 



|.T-y|2|a;|^-2+'^A 



7172(1-??^) 



|^|JV+^A-2 l^. _ y|Ar+aA-2 



1 



\x-y\ 



>0. 



For |y| sufficiently large, B{0, p)r\ B{y, p) =0. lnB(ai,ri), for i == l,...,fci, from (38), (40), (42) 
and the fact that af < — r for all j = 1,2 and i = 1, . . . , fcj, we have that 

7172 



fix) > Plj2Pl{x)(pi{x) 



>\x^al\ 



l|-2+T+a-J 



\x-y\ 
M172 



j(p2ix - y) - jiVi{x)(p2{x - y) - 72V2(x - y)<pi(x) 



C 



0(1) 



as \y\ -^ 00. 

L o J 

In 5(0, p) \ Ujii -B(ai,r|), from (38), (40), (41) and since ipi > c> 0, wc obtain that 

.fix)> pi^c + o{l), as |y| ^ 00. 

In a similar way we can prove that, if \y\ is large enough, f{x) > 0, a.c. in B{y,p). Since 
Vi{x) + V2{x — y) > Vi{x) + V2{x~y), we conclude that 

-A% - (Vi + V2{- - y)) $j; > in {V^-^^{M.'')y . 



n 



Proof of Theorem 1.6. Let us fix e G (0, 1) such that, for j = 1, 2, 



(43) e<iam{2Sp(yj 



KVi. 



3h 



4(E^4i l|/i»IU-(s"-i) + l|/iiolU-(s"-i)) ||VKj||l"/2(r") 



(N - 2)2 



and 



p((l + e)Vj) > 0, (1 + e) esssup(/ij^)++esssup(/i^)^ 



s"-i 



< 



(TV -2)2 



see the proof of Lemma 3.1. Fix R > such that 



(44) 



^J-^RN\S(0,fl)lli"/2(R™) < ™° 



IH-}' 
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y^{v,\ 



Denoting V- Ji '■— Vj — ^j^m''^\b(q r)' from (43) and (44), there results 

{\Vu{x)\^-V^j^{x)u\x))dx 

> m(^j)- l|W^j:^R«\B(oi?)lli"''^(K")'5'"^ / |Vu(x)|^da;> 
therefore, from (43), it follows 

(|Vw(a;)|2 - (1 + e)V^j^{x)u'^(x)) dx 

^{V,) (^{Y.'lLi\\hl\\L^{&«-^) + \\hL\\L^{%«-^)) |1VK,-|L«/2(R«) 



\Vu{x)\'^ dx, 



> 



{N - 2)2 



S 



R" 



\Vu{x)\^ dx 



> 



m(^j: 



\Vu{x)\'^dx. 



Hence the potentials (1 + £)V j^ satisfy the assumptions of Lemma 5.3, which yields, for \y\ 
sufficiently large, the existence of $y G I?^'2(R^), ^y > and continuous in M.^ \ {a}, of + 
y}i=i,...kj,]=i,2, such that 



-A%-V^^% > eV-s $,(x) in {V'-'iR'')y 



^y R,y y 



R,y^yy 



where V^ (x) :— V^ j^{x) + V^ ^{x — y). From Lemma 3.1, we deduce that m(V^ ) > j^- Hence, 
from (44), for any u G 'D^-'^{M.'^), there holds 

(|Vu(a;)|2 - {Vi{x) + V2{x - v))u^{x)) dx 



> 



> 



R« 



{\Vu{x)\^ ~Vj^ {x)u^{x))dx- I __Wiix)u^{x)dx- I __W2ix-y)u^{x)dx 



e+1 
e e 



^l'^RN\B(0,i?)lli-"/=^(K")'^ ~ \\'^^^RN\B{a,R)\\L"/^(B"'^S 



\Vu{x)\'^dx 



e+1 2 



R« 2(e + 1) Jrjv 



Vu{x)\'^dx. 



Therefore /i(Vi + V2(- — y)) > ^1 +i) > for |y| sufficiently large. The theorem is thereby proved. 



D 



6. Essential self-adjointness 

By the Shattering Lemma 1.3, Schrodinger operators with potentials in V are compact perturba- 
tions of positive operators, see Theorem 1.4. As a consequence, they are semi-bounded symmetric 
operators and their L^(R^)-spectrum is bounded from below. 

In the present section, we discuss essential self-adjointness of operators — A — V^ on the domain 
C^iR"^ \ {ai, . . . , flfe}), for every VeV. 
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From Theorem 1.4 (see also Lemmas 3.3 and 3.6), we can split any y e V as V{x) = V{x)+W{x) 
where 

(45) V{x)^Y.^uA^ h^2 +^u^i=^)^^^T$^^ m(v')>0, 

hii C B[ai, 1/2) is a neighborhood of a^ for every i — I, . . . ,k, Uoo is a neighborhood of oo, and 

The following self-adjointness criterion in V is an easy consequence of the Kato-Rellich Theorem 
(see e.g. [20, Theorem 4.4]) and well-known self-adjointness criteria for positive operators. 

Lemma 6.1. [Self-adjointness criterion in V] Let V E V and V = V + W, with V as 
in (45) and W G L^^^{R^) n L°°(M^). Then the^operator -/\-V is essentially self-adjoint in 
C^°°(M^\{ai,...,afe}) if and only ijna.ngc{-/^-V + h) is dense m L^{R^) for some b e L°°{R^) 
with essinfjiN 5 > 0. 

As a consequence of the above criterion, the following non self-adjointness condition in V holds. 
We refer to [11] for more details. 

Corollary 6.2. Let V e V and V = V + W, with V as m (45) and W e L^/2(]R^) n L°°{R^). 
Assume that there exist v G L'^{R^), v{x) > a.e. in R^ , L„ v^ > Q, a distribution h G H^^{R^), 
and P > such that 

(46) H-^R«){h,u)^-^^<0 for allue H\R^), u>0 a.e mR'^, 

and 

-Av -Vv + f3v=^h m V'(R^ \ {ai, . . . , Ok}). 
Then the operator —A — V is not essentially self-adjoint in C^{R \ {ai, . . . , at})- 
We now prove Theorem 1.7. 

Proof of Theorem 1.7. 

Step 1: if /ii(/ii) > ^(-^^2^) + 1 for alH G {1, . . . , k}, then —A — V^ is essentially self-adjoint. 

For i = 1, . . . , fc, let (p, G C^{R'^) such that (/-i = 1 in Ui, (j>i = OmR^\ B{ai, 1), and < 0, < 1, 
and let 0oo e C°°(M^) such that supp(/)oo C M" \ {0}, <?!)oo ^ 1 in Woo, and < (/)oo < 1- Then, 
setting 

^ \x-a^\^ \x\^ 

we have that V -V e L°°{R^).^ 

For a > max{0,-essinfRiv(i/ - V)} and b{x) := V -V + a, there holds b G i°°(K^) and 
essinfRiv 5 > 0. Let us fix / G C^(R'^ \ {ai, . . . , ak}). Since C^{R^ \ {ai, . . . , ak}) is dense 
in L'^{R'^), in view of Lemma 6.1, to prove essential self-adjointness it is enough to find some 
g G Rangc(— A — V + b) = Range(— A — V + a) such that g is arbitrarily close to / in L'^{R^). To 
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(47) / (\Wu\^ -Vu^ + au^ 



this aim, we fix e > and claim that there exist hi G C°°{S^ ^), i ~ I, . . . ,k,oo, and and ji E M, 
i — 1, . . . ,k, such that, setting 

i—l ' ' ' ' 

there holds 

dx > min < -fi{V), ess mib>\\u\\'jjimN\, for all u e if^(R^), 

(48) ^ll{h,)+-f,>-{^)^ + 1, foralH = l,...,fc, 

(49) ||(F-y)w|U2(R«) <£, 
for every u G H^(M.^) solving 

(50) ^Au{x)~V{x)u{x)+au{x) = f{x). 

In order to prove the claim, for every i = 1, . . . , /c, oo let /i^ £ C°°(S^"^) such that /i^ -^ hi a.e. 
in §^~^, and \h'!^{9)\ < ||/ii||L°°(s"-i) for a.e. 6 S E>^~^. We notice that the existence of such 
approximating sequences can be proved using convolution methods in local charts. From Lemma 
A.l, it follows that lim„^_|_oo Mi(^n) = Mi(^i)i while, from the Dominated Convergence Theorem, 
lim„^+oo JsN~i{hn — hi)^ = 0, hence, for any « S {1, . . . ,fc} such that Hi{hi) = — (-^^j^) +1, there 
exists a sequence {(5^}„gN C (0, oo) such that 

51, > 0, ^hm^ SI = 0, and (5^ > max {o, 1 - (^— ) - MK) , \J IsN-iihl,- h.^Y 



Hence, setting, for « — 1, . . . , /c. 



ifA^i(/i,)>-(^f + 1, 



7;:= 



-^i^{hl) {^f + 1 + SI,, if ^,,{h,) = -{^f + 1, 



and 



N -2 



{N-2y 



+ m(/^^)+7^ 



there holds a^^ 
(51) 



-^ + V^^^ + M^. ifA.i(/..)>-(^)' 



^^^2^ > 1 for n sufficiently large. Let us set 



k li ( x-aj \ i hoo(x\ 

K(.) := E " iT;^!. '" ^^W + ^oo(.)^. 



From [12, Theorem 1.2] and taking into account i-ii) of Lemma A.l, there exists a positive constant 
C independent on n, such that every solution u G H^iM.^) of equation 



(52) 



Au(a;) — Vn{x) u{x) + au{x) — f{x) 
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can be estimated as 

|u(a:;)| < C |a; — ail*^" ||m||^i(kjv\ in B{ai, I), for alH = 1, . . . , fc. 
From iii) of Lemma A.l, it follows that Vn ^ F in 1^^/^^°°^ hence it follows that 

lin \ i^(V), ess inf b> + oil) 

-min|^(i/),essmf6|||M||^i(jj„) 

for all u E H^{R'^). Moreover, by testing (52) with u, every solution u E H^{R^) of (52) satisfies 

2||/||l2(r«) 



{\Wu\^ -Vnu'^ + au^)dx > 



Lffi(E«) 



> 



|W||fl-l(RN) 



< 



min{/i(y), ess inf^jv b} 



Then for every solution u G if (M ) of (52), there holds 



(/l^-/loo)(|fi)(/'ooU 



< 



L2(RN) 



H.r^^"''(f "■"-'-i:'.ft'^-'-'^v'" 



R« 



|2V 



<s-'- 



4II/II 



L2(RiV) 



(min{^(V"),essinfRN 6})^ 



i/i$f-/^oorfe)0^(x) , \v^ 



_\x\ 
|2V 



dx = o(l) 



as n ^ +00. Furthermore for all i = 1, . . . , fc, oo and for any solution u G H^(M.^) of (52), there 
holds 



iK-h^){^^)c|^^U 



L2(RN 



<C^n\\l,^Mn[l^J''n{0)-h^{9)rdV{e)^ J^ r 



Af-5+2CT!, 



dr. 



Hence, if ^ii{hi) > — (-^^j-^) + 1, we have that 



{hl^- 


-h^){jB^)c|^^U 




\x — Oi p 



4ll/lli.(R«) 



i2(Rjv) (min{/^(F), ess infRW 6})2 



X I / {K{O)-K{0)ydV{0) 



<v/^^^ + Mi(/^.)-i) 



0(1) 



o(l), 



as n — > +00, while, if ^i{hi) ~ — {^^^) + 1, by the choice of SJ^, there holds 



{hi.' 


^h^){^E^^)c^.u 




\x — flip 



< C ||u||/f-l(RlV) 



L2(RN) 



ihi^{9)-h,{e)rdv{e)\^^l±§^+^ 

gjv-i / 2d; 



< Ic" 



4II/II 



^^^5^^^^— -rl|/^j. - /^.||l^(s«-)(v/T + ^+ 1) = o(l) 



(min{/i(y),essinfRiv b}y 
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Af-2\2 



Furthermore, for alH e {1, . . . , k} such that ii{hi) = — (-^^j-^) + 1, we have that 



Jn(t)iU 



\x — a. 



A2 



L2(R«) Jo 

2c^'ll/lli.(M«) (7;.)^(yTT^+i) 



< 



( min{/i(y), ess infRW 6})^ 



0(1) 



as n ^ +00. Therefore, it is possible to choose n large enough in order to ensure that every 
solution u of (52) satisfies 

||(i4-F)u||i2(RiV) < s. 

For such an n, let us set V = V„, hi = ft.^, i = 1, . . . , fc,oo, and 7^ = 7^, i = 1, 
conditions (47-49) are satisfied and the claim is proved. 

Hence, by the Lax-Milgram Theorem, there exists w G H^{M.^) satisfying 



(53) 



Aw{x) — V{x)w{x) + aw{x) = f{x). 



\x - Qil 



, cLS X ^ Qji , 



N -2 



iN-2y 



2 V 4 

Hence the function g{x) := V{x)w{x) — aw{x) + f{x) satisfies 



+ ^i(/ij) +7i 



\g{x)\ < const ■ 



|2-<Ti 



Hi for alH = 1, 



, fc, so that 



Since V is smooth outside poles, by classical regularity theory w € C°°(R \ {ai, . . . , at})- From 
[12, Theorem 1.1] we deduce the following asymptotic behavior of w at poles 

(54) u;(a;)-|a;-a,r*V^I 

where 

hi := /ij - 7i and di 



Since, by (48), ai + -^^-^ > 1, it turns out that g G L {M. ). Writing w by its Green's representation 
formula and using well known properties of differentiability of Newtonian potentials, the following 
asymptotic estimate for the gradient of w near the poles can be deduced 



(55) 



Vw^x) 



0{\x-a,\-^), ii^llCh^)>N-l, 



clS X ^ CLi , 



for some < r < ^^^, see [11] for more details in the Hardy case. 
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For all n G N let rjn be a cut-off function such that rjn E C^{M.^ \ {oi, . . . , ak}), < ?7„ < 1, 
and 



r/„(x)=Oin \jB(^a„—^ U (U^ \ B{0,2n)), ry„(a;) ee lin 5(0, n) \ |J ^(a,, - 

i=l i=l 

k 

|Vr,„(x)|<Cnin Q (^(a,, i) \ ^(a,, ^)) , |V77„(x)| < ^ in B(0, 2n) \ 5(0, n), 
1=1 

|Ar;„(x)|<Cn2in (J (^^(a,, 1) \ s(a„ i-)) , |A77„(x)| < ^ in 5(0, 2n) \ B(0, n), 

i=l 

for some positive constant C independent of n. Setting /„ := rjnf — 2Vr7„ • Vw — w Ar]n, we notice 
that rjnf -^ f in L^iR^), while (54) and (55) yield 



\Vw{x)fdx^ — \Vw{x)\'^dx 

) '^ JB{0,2n)\B{0,n) 



\Wr]^{x)\^\Ww{x)\Ux 
< const n^ y~^ / 



< const n 






da; 



< const 



.AJi(/ii)<W-l '" A'l('ii)>A^-l 

tii(hi)<N-l tii{hi)>N-l 



const 



n2+2-^ + n-2 



and 



\Arjn{x)\^\w{x)\^ dx 



, , ,,2 , const 
\w(x)\ dx H ^ 

) 'T' J B{a,2n)\B{a,n) 



< const n^ \J / 

frtJs(a.,i)\B(a,,5L 

<constn 2, / l^^l '^' c^s; H r — llwll/jifj^jv-) < const > 



w(x)p dx 



n -2-.+4-A' + „-4 



Since —2(7^ + 4 — iV < 0, we conclude that /„ -^ f in L^(]R^). Hence, for n large enough, 
ll/n - /IIl2(r") < £■ The functions w„ := ?7„w e C;?°(IR" \ {ai, . . . , a*.}) solve 

-Awn{x) - V{x)w„{x) + bwn{x) = .g„(a;), 

where 5„(x) := /n(x) + (T^(x) — F(x))w„(x), i.e. gn G Range(— A — V" + 6). Moreover, from (49) 
and |?7„| < 1, we deduce that 

hn- /n||L2(RiV) = ||(T/- y)w;„|li2(RiV) < \\{V - V)w\\ l2(^^N) < E, 

hence \\g„ — /||l2(j{jv) < 2e for large n. The proof of step 1 is thereby complete. 

Step 2: ii ii{hi) < —{^-^y^) +1 for some i e {1, . . . , k}, then — A — V^ is not essentially self-adjoint. 
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LetV ^V + W, with V as in (45) and W G L^/^{R^) n L°°(]R^). Let us fix i e {1, . . . , A:} such 

that ^{hi) < —(-^^2^) + 1, /? > 0, and a < 0, and consider the solution ip e C^((— oo, ln(5]) of the 
Cauchy problem 

\Lp(\nd)=Q, Lp'{lnS) = a, 



where ojhi '■— V ( 2 ^ ) ^ Mi(^i) ^^^d (5 is such that B(ai, 5) C Z^i. From the Gronwall's inequality 
(see [11, Lemma A. 2] for more details), we can estimate (p as 

(56) < (^(s) < C e^'^'-^" foraUs<ln(5, 

for some positive constant C — C{hi, S, a, (3). Let us set 

^ ('|a;-a,|-^(^(ln|a;-a,|)V'^(if5f^), if x e B{ai,S)\ {a,}, 
[0, if a;eR^\B(a,,(5). 

From (56) we infer that 



(57) < v{x) < C\x - a,|-^-A/(^)'+^(''') in B{a„S). 

The assumption /^(ft-i) < ^ (-^^^j^) + 1 and estimate (57) ensure that v e _L^(K^). Moreover the 
restriction of v to B(ai, S) satisfies 

-Av{x)- , ''"^ '''I v{x)+I3v{x) = 0, mB{a,,S), 
\x - ai\^ 

= and |!J^arf^('.(^5|^), onaS(a„,5). 
As a consequence the distribution —Aw — Fw + /3w e I?'(R^ \ {ai, . . . , ak}) acts as follows: 

D'(R"\{ai,...,a,})(-^«-^«+/?^'.'^)c~(R"\{ai,...,a.}) "^^^'^Jgg^ ^ V'l ' (^ |^ _ "] | j ^ W ^^- 

Hence /i = —Aw— l/w + /3w G i7^^(M^) and satisfies (46) as a < 0. From Corollary 6.2, we finally 
deduce that the operator —A — V^ is not essentially self-adjoint in C^(R^ \ {ai, . . . , afe}). D 

The following theorem analyzes essential self-adjointness of anisotropic Schrodinger operators 
with potentials carrying infinitely many singularities on reticular structures. 

Theorem 6.3. Assume that {/i„}rieN C C°°(§^^"'^) satisfy (24) and {a„}„ C K^ satisfy (25) and 
\(in — a,n| > 1 for all n ^ m. Let e > 0, cr > 0, and S > as in Lemma 3.8, Q < 5 < min{l/4, 5}, 
and 

V{x) = > °7^ Xc-^.i ^„ -,, w/iere /i„ := (1 + e)/i„. 

n— 1 ' ' 

Then —A — T^ is essentially self-adjoint in C^ (K.^ \ {a„}„gN) if o,nd only if 

N -2^^ 



l^i{hn) > - +1 /"'^ ^^' n e N. 
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Proof. For n e N, let 0„ e C^{R'^) such that 0„ = 1 in £^f (a„), ^ = in M^ \ £^f{an), 
and < (^„ < 1. Then, setting 

n— 1 ' ' 

we have that V G C°°(R^ \ {a„}„6N)_and V -V e i°°(R^. 

For a > max{0, - ess infRN (y - V) and b{x) := y - 17 + a, there holds b e X°°(M^) and 
essinfRjv 5 > 0. From the Kato-Rellich Theorem the operator —A — 1/ is essentially self-adjoint in 
(joo ^^N \^ {a„}„gN) if and only if —A — V + b = —A — y + a is essentially self-adjoint. In view 
of Lemma 3.8, —A — V + b is positive. Hence essential self-adjointness is equivalent to density of 
Range(-A -V + b) in L2(]R^). 

Let us first prove that, if inf„gN Mi(/in) > — ("^^j^) + 1j then —A — ]/ is essentially self-adjoint. 
Let / G C^ (M^ \ {a„}„gN) and e > 0. Then there exists < 7 < 1 satisfying 



inf ^i(/i„ -7) > - 



iV-2"^ 



neN V 2 

and such that if u G H^{M.^) solves 

(58) — /\u(x) —V~.{x)u{x) + au{x) — fix), where V^(a;) := > 4'n{x), 

^ \x-an\^ 

n—l ' ' 

then 

(59) ||(K,-y)u|U2(R«)<e. 

If ininef-i ^J'l{hn) > ~{^^t^) + 1 it is enough to choose 7 = 0. If inf„gN A^i(^n) = ^("^^2^) + 1j 
from [12, Theorem 1.2], there exists a positive constant C independent on 7 G (0, 1), such that all 
solutions of (58) can be estimated as 

|m(x)| <C\x- a„| ~^"^^^^\H\^i^^.,s' (^^^^ in £^|^(a„), 

for some 2S < S' < 1/2 and for all n G N. We emphasize that, thanks to assumption (24), the 
constant C in the above estimate can be taken to be independent of n, as one can easily obtain 
by scanning through the proof of [12, Theorem 1.2] and checking the dependence of the estimate 
constant of the angular coefficient of the dipole. Consequently 



l4>nU 



2 2 

< const (C, TV, e,cr)||u|p ^ 

L2(RiV) 



'^^(^oX(""» VT+7-1 



and hence 



|l(T/^-y)u|li2(R«) < const (C, iV, £, g) ^ ^Mh^ 

VVl+7- 1 

< const||f||r2(piV)— ^ = ^0 as7- 

yJ^/l + 1 - 1 
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Therefore it is possible to choose 7 smah enough in order to ensure that all solutions of (58) 
satisfy (59). For such a 7, the Lax-Milgram Theorem provides a unique w G H^{R^) weakly 
solving 

~Aw{x) - Vj{x)w{x) +aw{x) = f{x) in M^. 

Being V^ G C°°(R^ \ {a„}„gN)5 from classical elliptic regularity theory, w G C°°{M.^ \ {a„}„gN). 
From [12] and arguing as in the proof of Theorem 1.7, we deduce that 

(60) w{x) ^ \x — a„|'^", and 

f0(|a;-a„r"-i), if j^iiK) + 7 < N - 1, 

(61) Vw(a;) = < 

\0{\x-an\-^), iini{hn)+j>N-l, 



as X ^ a„, where (t„ — — -^^j-^ + y {^^^Y + Mi(^n) + 7 and < r < 



Af-2 



2 . Since 



N 
a ■- mf (T„ > 2 - — -, 

neN 2 

for all 2 G N, we can choose Nj G N such that iVj -^ +00 as j ^ 00, Ar,j^^^^^°" ^ 0, and 
7Vjj2^-w+2 ^ 0, and let R^ > such that Rj —> +00 as j —> 00 and B(a„, 1/j) C B(0, i?j) for all 
n = 1, . . . , iVj. Let ?7j be a cut-off function such that i]j G C^ (R^ \ {a„}„gN), < 77^- < 1, and 



Tjj{x) = in y B(a„, — ) U (R^ \ B(0, 2i?,)), r;,(x) = 1 in 5(0, R,) \ \J . 

n=l "^ n=l 

Vj 

|Vr;,(x)| <Cj in (J (^(a™, i) \ B(a„, |:)) , |Vr;,(x)| < -^ in i?(0, 2i?,) \ i?(0, i?,). 



n=l 

V,- 



|Ar;,(x)| <C/ in (J (B(a„ 1) \ B(a„, 1)) , |Ar7,(x)| < -^ in 5(0, 2i?,) \ i?(0, i?,) 



for some positive constant C independent of j and n. Setting fj := rjjf — 2\7rij ■ \7w — w Arjj, we 
have that rjjf -^ f in L^(R^), and, from (60), 

\Vr]j{x)\^\Vw{x)\^ dx 



< const j^ V / |a;-a„p(''""^Ma; 

„=1 ^B(a„,i)\B(a„,^) 



Mi(''ti)+7<JV-1 



-I- const j^ V" / |a;-a„| ^^ rfa; H -5— / |Vw(a:;)prfx 

„=1 ./B(a„,i)\S(a„,i) rtj J B{Q,2Rj)\B{a,R,) 

tJ.i{h^)+-l>N -1 

< const [iV,/-^-2* + iV, j2^-^+2 + R-^\\w\\h^(^.)\ 
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and, in a similar way, 

/ \Af]j{x)\^\wix)\'' dx < const [N, ,f-^-^^ + RJ^] . 

By the choice of Nj, we deduce that fj -^ f in L^(M^). Hence, for j large, \\fj — /1|l2(k") < S- 
The functions Wj := rjjW E C^{M.'^ \ {an}nem) solve 

—Awj(x) — V{x)wj(x) + bwj(x) = 9j{x), 

where gj{x) := fj{x) + (Ky(x) — V{x))wj{x), i.e. gj e Rangc(— A — V + b). Moreover, from (59) 
and \rij\ < 1, wc deduce that 

Wd] - /jllL2(KiV) = II (Ky - V)Wj\\L2(JgN) < \\{Vy - y)w;||i2(RiV) < £, 

hence \\gj — /||i2(Rjv-) < 2e for large n. The density of Range(— A — V^ + 6) in C^ (K^ \ {a„}„gN) 
and consequently in L^(IR^) is proved. 

The proof of non essential self-adjointncss in the case /ii(/in) < — ( ^ ) + 1 f'^'' some n G N can 
be obtained just by mimicking the arguments of the proof of Theorem 1.7 and Corollary 6.2. D 

Remark 6.4. If {/i„ : n e N} is finite, i.e. if only a finite number of possible angular coefficients 
is repeated in the reticle, then the assumption of C°° -smoothness of /i„ required in Theorem 6.3 
can be removed, as one can easily check arguing by approximation as in the proof of Theorem 1.7. 

Appendix 
Lemma A.l. Let {ft.„}„eN C L°^{§>^-^) and h e L^{E>'^-^) such that 

hn ^ h a.e. in E> ^ and sup H/inll^.oo^gjv-i-) < +oo. 



Then 



i) lim ij,i(hn) ^ fJ.i{h); 

n — *-t-oo 



ii) tpi" converge to tpi uniformly in § and in H {§ ); 

converge to ' in the Marcinkiewicz space L ' '°°. 



^"(r) ........ .. '^(r) 



Proof. For all n e N, let ipn ^ tpi" be the positive L^-normalized eigenfunction associated to 
the first eigenvalue /ii(/i„), i.e. 



(1) - Aipn - hnipn ^ t^i{hn)i>n, in § , and / V'n = 1- 

Since {ft.„}„ is bounded in L°°(S^~^), it is easy to verify that {/ii(/i„)}„ is bounded in M, hence 
it admits a subsequence, still denoted as {^i(/in)}n, such that /ii(/i„) —^ ft as n ^ +oo for 
some /2 e K. By a standard bootstrap argument, it follows that {iliri\n is relatively compact in 
j!ji|-gAf-i-j ^^^ bounded in C°^"(§^~^) for some positive a. In particular the sequence {V'n}n is 
equicontinuous and hence, by the Ascoli-Arzela Theorem, there exists ^ € iif^(S^~^) n C^[S^~^) 
such that V'n ^ "0 in -ff"'^(§^^^) and uniformly in S^^-'^. 
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Passing to the limit in (1), strong _ff^-convergence of ipn to ip ^-nd Dominated Convergence's 
Theorem yield that "0 satisfies 

-AV5 - /iV^ = /xV', inS^-\ and / V'^ = 1, 



and therefore 

P- > fJ-i{h). 
On the other hand, for all (p e H^{S^-^) \ {0} 



^J'l{hn) < 



/s«-i |Vs«-i^(0)|2 dvie) - /g„_, h^i9)^^ie) dv{e) 



hence, letting n -^ +oo, 

/s«-i \Wsr^-ip{e)\^ dv{e) - j^,_, hie)v^0)dv{0) 



M 



< 



j,._,^He)dv{e) 

which implies that p, < ^i(/i). Then /ii(/i) = p. and -tp — tpi. Statements i-ii) follow from above 
and the Uryson property. 

A direct calculation shows that 



= N ^'^||/l„ - /l||^JV/2(gJV-l) 
L"/2,oo(RiV) 

and hence statement iii) follows from the assumption on {hn}n and the Dominated Convergence 
Theorem. D 
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